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Measure-Valued Variational Image
Processing



Given measurements b, find image data u so that

b=T(~)+

T structural operator, 7 random noise

Often the direct reconstruction is not unique, not stable, or
involves hidden variables — we need prior knowledge



Variational methods

We reconstruct the unknown data u from the
measurements b by minimizing the energy

mm{D (T(u); b) + R(u)}

™~

V(W) = | d||Du]|
Advantages: ’ jﬂ ’

* [ntuitive — we specify what the results should look like

e Often statistical motivation — maximum a posteriori
estimate

e Modular, reusable components



Measure-Valued Variational Image
Processing



Range

e Oftenu:Q) —» X € Rk
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............

digital elevation map [1,2] RGB image [3] Spectral data (MALDI-MSI) [4]
u:)->R u: Q- R3 u: Q) - RX

* Many tools: LP, BV, (weak) derivatives, Sobolev/total variation
reqularization, existence, regularity, ...

http://imaging live



http://imaging.live/

This talk

inf D(u,I)+ R(u
w: Q- lly) (w 1) ()

where (V, || - ll,) is a normed measure space.

*needs suitable function space

Fach u(x) is a measure!
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Application: Diffusion-Weighted MR

Problem: Solve

' D(ub)+ R .
we s D450+ RO

Q-ball imaging:
Alternative approach using Fisher-Rao metric:
Diffusion in Roto-Translation space:



Comparing measures

 (Total) Variation metric on P(X):
d(p,u') = llp = llae = [ dlu— i/l

/1 X/ 8al = 1 o
/ ‘/ 16,1 = 1 /1V/

"L1" ignores geometry of X!

e (1-)Wasserstein metric:
Wi(uu') = [lu— ' |lgg =
sup {fxp d(u—u') ‘ p(xo) = 0}
W1( 84, 6) = dx(a,b)

KR-norm: Generalization: Registration: shape
matching: Image and shape retrieval: Color transfer:
BRDF interpolation: Shape barycenter: Displacement interpolation, gradient flows:

Decomposition: Denoising:



Regularizer — Wasserstein-TV

* Can compare two measure-valued function
respecting geometry:

u:Ql—Iy;(X) jﬂWl (u(x), b(x))dx + ...

* What about regularization?

Total variation:
supj (u(x), —div p(x))dx
r Ja

s.t.p € CL(Q,R),
lpC)ll, <1
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Norms and measure spaces on X

Total variation || || ¢

forgets metricon X
(M (X), llulla¢) is @ Banach space

(M), lullpe) =
CEO* with || - lle

Kantorovich-Rubinstein ||u]| ¢z

metricon X [1]
(KR(X), || - llxr) is a Banach
space with KR(X) :=
(Mo (XD, || - lxr)
po u— oy, embeds P(X) into
KR(X)
Metrizes weak* topology on
MX) = CX)

(KRCX), |l lIkr)™ =



Banach space-valued TV

O € R% open & bounded, V Banach space
u: Q - V weakly measurable: x = (p,u(x)) meas.Vp € V*

Banach space-valued TV:
supj (u(x),—div p(x))dx
p Ja
s.t.p € CA(Q, (VH)9),
||P(X)||(V*)d <1

Lemma [1]: Integrals are well-defined
Special case Wasserstein-TV:
V=KRX), V= LipoC) |l IllLip)



Norms and measure spaces on X

Total variation || || ¢

» forgets metricon X
o (M(X),llullar) is a Banach space

« MO, Nlullpe) =
CEO* with || - lle

* Not separable unless X discrete
(= not compact)

Kantorovich-Rubinstein ||u]| ¢z

* recovers metricon X [1]
(KR(X), || - llxr) is a Banach
space with KR(X) :=
(Mo (XD, || - lxr)
* U p— o, embedsP(X)into
KR(X)
* Metrizes weak* topology on
MX) = CX)
* (KRGO llgr)™ =
(Lipo (XD N - llLip)

*  Compact! - existence



Application: DW-MRI — Results

Theorem [1]

Let Q € R% be open and bounded and let (X, d) be a compact metric space.
Forany b € Ly, (Q,P(X)) and A = 0, the variational problem

inf f Wy (u(x), b(x))dx + ATV, (w)
U Ja

admits a (generally non-unique) solution in Ly, (2, P (X)).

Roadmap:

Need weak* measurability
Mass-bounded minimizing sequence

Banach-Alaoglu gives weakly*
converging subsequence

Prove weak* lower-semicontinuity




Application: DW-MRI — Results
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Embeddings

* |dea:range X is not "nice":

u:gl—f;X jﬂp(x, u(x))dx + A TVy ()

embed X & P(X)

J Jp(x t)dux(t)dt dx + ATVy, (u)

6u(x) .
p(x, u(x))

u: Q IP(X)




Geometric = measure-valued

Linear spaces are much easier. Linearize!

Idea: Isometrically (!) embed X & V
into linear, normed space (M (X)), ”°”‘£)\

KR, || - [l

Need to “lift” models/functionals (can be good if nonconvex!)

min f(u min "(u
min f@) )y minf)
Tricky: Discretization? Convexity? Artificial minimizers?

Young measures: Young '37; Currents: Schwartz ‘51; de Rahm '55; Federer ‘69; Paired calibrations: Brakke ‘91; Alberti, Bouchitté, Dal Maso ‘'01; DW-MRI: Vogt, Lellmann'18
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Example: Image Segmentation

* P(X) easy to discretize (simplex,
LP)

e ...but L? Lipschitz constraints
e (Can prove bound [2]:

Eyf (Tound)’(uikifted)) < 2Caf (Uorig)

image segmentation [1]
u:Q - ({1,2,3,4}, dy) =:

derivatives?
optimization?

Model - finite-dimensional: function space:
Continuous min-cut/max-flow: Bounds - two-class:
Finite-dimensional: Multi-class:
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Example: Manifold-valued problems

« (Can only efficiently discretize
P(X) for low-dimensional
manifolds

e But: Lipschitz constraints

9 lp(x,21) — p(x, 22) |2 <
dp(21,23) V21,2, €M

can be enforced locally [1]:
manifold-valued models

de(u(x),b(x))p dx + ATV, (u) |sz(x,°)|a <1l1VvVzeM
Q

range IS NoON-convex

Manifolds — local optimization: TV:
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Example: Manifold-valued problems
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CT before CT after without registration  with registration [1]

min J D(I1X(x), 12(x + u(x)))dx + A R(w)
w:Q-R? Jq

u vector field (optical flow, image registration) or scalar (disparity, stereo)
(Why) embed R? & P(R?)?

54 [1] K&nig, Ruhaak, Derksen, Lellmann, SISC'18



Non-convex models

Problem: "Perfect" convexification:
) gilrlka fﬂp(x,u(x)) dx + -+ inf < f p(x,u(x))dx) (u)
. | T T T : | 0.7_

Generally too hard!



Non-convex models

Problem: Local convexification:
u:(llrlfIRk fﬂp(x,u(x)) dx + - w(i]rl)ka fﬂp**(x,u(x)) dx

0.7

e

0.6

0.5

04

03

0.2}

0.1F

0

-1 0.5 0 05 1

Inexact!



Non-convex models

Problem: + local:
u:silrlfu&k Jﬂp(x, u(x)) dx + -+ u:ﬂ_i)nf jﬂp**(x, u(x)) dx

06|

05

04 r

0.3

0.2}

0.1r

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

much better!

Lifting:
Sublabel-accurate:
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Relaxing the regularizer - TV

Proposition 4. The convex envelope of (13) is

®""(g) = sup (q.9). (17) -
aek Need infinitely many
where I C RF*4 i given as: "LipSChitZ” constraints
K ={qer™ for (locally) best
‘ungt 1) < =7 (1) embedding...

ngigjghvmﬁEWJ@_

Proposition 5. In case the labels are ordered, i.e., 71 <

but we can Y2 < ... < L, then the constraint set KC from Eq. (36) is

LT o
do it efficiently! [1] equal o
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Results — disparity estimation
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Results — disparity estimation
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Results — disparity estimation
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linear lifting

L =270

precise lifting

L =38

78 Mollenhoff, Laude, Moller, Lellmann, Cremers, CVPR'16



Lifting in medical image registration
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Goal: approximate global minimizers of
jf(x,u(x), D?u(x))dx
Q
Laplacian: [p(x)]Lip(X)d <1-> [p(x)]Ll-p(X)d < 1and p concave [1,2]



Take-home

Measure-valued problems = nicer space &
interesting math:

Wasserstein/Banach-TV (existence)
B geometric data (discrete, manifolds)

B approximating nonconvex problems
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SEVENTH INTERNATIONAL CONFERENCE ON
SCALE SPACE AND VARIATIONAL METHODS IN COMPUTER VISION

Hofgeismar, Germany

3D vision
Color enhancement Multi-scale shape analysis
Compressed sensing Optical flow

Convex and non-convex modeling
Cross-scale structure
Differential geometry and invariants

Optimization methods in imaging
PDEs in image processing
Perceptual grouping

Image- and feature analysis Registration
Imaging modalities ~  Restoration and reconstruction
Implicit surfaces | : Scale-space methods

Inpainting

Inverse problems in imaging

Level-set methods

Manifold-valued data processing
Mathematics of novel imaging methods
Medical imaging and other applications
Motion estimation and tracking
Multi-orientation analysis

Segmentation
Selection of salient scales
Shape from X
Stereo and multi-view reconstruction
Sub-Riemannian geometry
Surface modelling
Variational methods
Wavelets and image decomposition

Papers accepted for the conference will appear in the conference proceedings, which will be published in

Springer's Lecture Notes in Computer Science series.




