






𝑏 𝑢

𝑏 = 𝑇 𝑢 + 𝑛

𝑇 𝑛



𝑢

𝑏

•

•

•

min
𝑢∈𝒰

{𝐷 𝑇 𝑢 ; 𝑏 + 𝑅(𝑢)}

𝑇𝑉 𝑢 = න
Ω

𝑑‖𝐷𝑢‖





• 𝑢: Ω → 𝑋 ⊆ ℝ𝑘

• 𝐿𝑝 𝐵𝑉

𝑢: Ω → ℝ3𝑢: Ω → ℝ 𝑢:Ω → ℝ𝐾

Clinical PhenotypeMolecular Signature
Co registration
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http://imaging.live/


𝑢(𝑥)

inf
𝑢:Ω→(𝑉,‖⋅‖𝑣)

𝐷 𝑢, 𝐼 + 𝑅(𝑢)

(𝑉, ‖ ⋅ ‖𝑣)



𝒫 𝒮2 𝒫 {0,1,2,3}

𝒫 𝐾

𝒫 0,1 2



𝒫 𝒮2 𝒫 {0,1,2,3}

𝒫 𝐾

𝒫 0,1 2



min
𝑢:Ω→𝒫(𝒮2)

𝐷 𝑢; 𝑏 + 𝑅(𝑢) .



• 𝒫 𝑋
𝑑 𝜇, 𝜇′ ≔ 𝜇 − 𝜇′ ℳ ≔ 

𝑋
𝑑 𝜇 − 𝜇′

𝐿1 𝑋!

•

𝑊1 𝜇, 𝜇′ ≔ 𝜇 − 𝜇′ 𝐾𝑅 ≔

sup 𝑋 𝑝 𝑑 𝜇 − 𝜇′ 𝑝 𝐿𝑖𝑝 𝑋 ≤ 1, 𝑝 𝑥0 = 0

𝑊1 𝛿𝑎, 𝛿𝑏 = 𝑑𝑋 𝑎, 𝑏

𝛿𝑎 = 1

𝛿𝑏 = 1

𝛿𝑎 − 𝛿𝑏 = 2

𝑋



•

inf
𝑢:Ω→𝒫 𝑋

න
Ω

𝑊1 𝑢 𝑥 , 𝑏 𝑥 𝑑𝑥 +⋯

•

sup
𝑝
න
Ω

𝑢 𝑥 , −𝑑𝑖𝑣 𝑝(𝑥) 𝑑𝑥

𝑠. 𝑡. 𝑝 ∈ 𝐶𝑐
1 Ω,ℝ ,

𝑝 𝑥 2 ≤ 1



•

inf
𝑢:Ω→𝒫 𝑋

න
Ω

𝑊1 𝑢 𝑥 , 𝑏 𝑥 𝑑𝑥 +⋯

•

sup
𝑝
න
Ω

𝑢 𝑥 , −𝑑𝑖𝑣 𝑝(𝑥) 𝑑𝑥

𝑠. 𝑡. 𝑝 ∈ 𝐶𝑐
1 Ω,ℝ ,

𝑝 𝑥 2 ≤ 1

≈ න
Ω

𝑑 𝐷𝑢 2



•

inf
𝑢:Ω→𝒫 𝑋

න
Ω

𝑊1 𝑢 𝑥 , 𝑏 𝑥 𝑑𝑥 +⋯

•

sup
𝑝
න
Ω

𝑢 𝑥 , −𝑑𝑖𝑣 𝑝(𝑥) 𝑑𝑥

𝑠. 𝑡. 𝑝 ∈ 𝐶𝑐
1 Ω,ℝ ,

𝑝 𝑥 2 ≤ 1

≈ න
Ω

𝑑 𝐷𝑢 2 𝑢 𝑥 = 𝑎

𝑈 𝑢 𝑥 = 𝑏

Ω\U

𝑇𝑉 𝑢 = 𝑎 − 𝑏 ℋ𝑑−1 (𝜕𝑈)



•

inf
𝑢:Ω→𝒫 𝑋

න
Ω

𝑊1 𝑢 𝑥 , 𝑏 𝑥 𝑑𝑥 +⋯

•

sup
𝑝
න
Ω

𝑢(𝑥),−𝐷𝑖𝑣 𝑝(𝑥,⋅) 𝑑𝑥

𝑠. 𝑡. 𝑝 ∈ 𝐶𝑐
1 Ω × 𝑋,ℝ𝑑 ,

𝑝 𝑥,⋅ 𝐿𝑖𝑝 𝑋 𝑑 ≤ 1

𝑢 𝑥 = 𝑎

𝑈 𝑢 𝑥 = 𝑏

Ω\U

𝑇𝑉 𝑢 = 𝑎 − 𝑏 ℋ𝑑−1 (𝜕𝑈)



•

inf
𝑢:Ω→𝒫 𝑋

න
Ω

𝑊1 𝑢 𝑥 , 𝑏 𝑥 𝑑𝑥 +⋯

•

≈ න
Ω

𝑑 𝐷𝑢 𝐾𝑅sup
𝑝
න
Ω

𝑢(𝑥),−𝐷𝑖𝑣 𝑝(𝑥,⋅) 𝑑𝑥

𝑠. 𝑡. 𝑝 ∈ 𝐶𝑐
1 Ω × 𝑋,ℝ𝑑 ,

𝑝 𝑥,⋅ 𝐿𝑖𝑝 𝑋 𝑑 ≤ 1

𝑢 𝑥 = 𝑎

𝑈 𝑢 𝑥 = 𝑏

Ω\U

𝑇𝑉 𝑢 = 𝑎 − 𝑏 ℋ𝑑−1 (𝜕𝑈)



•

inf
𝑢:Ω→𝒫 𝑋

න
Ω

𝑊1 𝑢 𝑥 , 𝑏 𝑥 𝑑𝑥 +⋯

•

≈ න
Ω

𝑑 𝐷𝑢 𝐾𝑅sup
𝑝
න
Ω

𝑢(𝑥),−𝐷𝑖𝑣 𝑝(𝑥,⋅) 𝑑𝑥

𝑠. 𝑡. 𝑝 ∈ 𝐶𝑐
1 Ω × 𝑋,ℝ𝑑 ,

𝑝 𝑥,⋅ 𝐿𝑖𝑝 𝑋 𝑑 ≤ 1

𝑢 𝑥 = 𝛿𝑎

𝑈 𝑢 𝑥 = 𝛿𝑏

Ω\U

𝑇𝑉 𝑢 = 𝑑𝑋 𝑎, 𝑏 ℋ𝑑−1 (𝜕𝑈)



•

inf
𝑢:Ω→𝒫 𝑋

න
Ω

𝑊1 𝑢 𝑥 , 𝑏 𝑥 𝑑𝑥 +⋯

•

≈ න
Ω

𝑑 𝐷𝑢 𝐾𝑅

sup
𝑎≠𝑏∈𝑋𝑑

𝑝 𝑥, 𝑎 − 𝑝 𝑥, 𝑏 2

𝑑𝑥 𝑎, 𝑏

sup
𝑝
න
Ω

𝑢(𝑥),−𝐷𝑖𝑣 𝑝(𝑥,⋅) 𝑑𝑥

𝑠. 𝑡. 𝑝 ∈ 𝐶𝑐
1 Ω × 𝑋,ℝ𝑑 ,

𝑝 𝑥,⋅ 𝐿𝑖𝑝 𝑋 𝑑 ≤ 1

𝑢 𝑥 = 𝛿𝑎

𝑈 𝑢 𝑥 = 𝛿𝑏

Ω\U

𝑇𝑉 𝑢 = 𝑑𝑋 𝑎, 𝑏 ℋ𝑑−1 (𝜕𝑈)



𝑋

𝜇 ℳ

• 𝑋

• (ℳ(𝑋), 𝜇 ℳ)

• ℳ 𝑋 , 𝜇 ℳ =
𝐶 𝑋 ∗ ‖ ⋅ ‖∞

𝜇 𝐾𝑅

• 𝑋

• (𝐾𝑅 𝑋 , ‖ ⋅ ‖𝐾𝑅)
𝐾𝑅 𝑋 ≔

(ℳ0 𝑋 , ‖ ⋅ ‖𝐾𝑅)

• 𝜇 ↦ 𝜇 − 𝛿𝑥0 𝒫(𝑋)

𝐾𝑅(𝑋)

•

ℳ 𝑋 = 𝐶 𝑋 ∗

• (𝐾𝑅 𝑋 , ⋅ ‖𝐾𝑅
∗ =

(𝐿𝑖𝑝0 𝑋 , ‖ ⋅ ‖𝐿𝑖𝑝)



• Ω ⊆ ℝ𝑑 𝑉

• 𝑢: Ω → 𝑉 𝑥 ↦ ⟨𝑝, 𝑢 𝑥 ⟩ ∀𝑝 ∈ 𝑉∗

•

•

𝑉 = 𝐾𝑅(𝑋) 𝑉∗ = (𝐿𝑖𝑝0 𝑋 , ‖ ⋅ ‖𝐿𝑖𝑝)

sup
𝑝
න
Ω

𝑢(𝑥),−div 𝑝(𝑥) 𝑑𝑥

𝑠. 𝑡. 𝑝 ∈ 𝐶𝑐
1 Ω, (𝑉∗)𝑑 ,

𝑝 𝑥 𝑉∗ 𝑑 ≤ 1



𝑋

𝜇 ℳ

• 𝑋

• (ℳ(𝑋), 𝜇 ℳ)

• ℳ 𝑋 , 𝜇 ℳ =
𝐶 𝑋 ∗ ‖ ⋅ ‖∞

• 𝑋
⇒

𝜇 𝐾𝑅

• 𝑋

• (𝐾𝑅 𝑋 , ‖ ⋅ ‖𝐾𝑅)
𝐾𝑅 𝑋 ≔

(ℳ0 𝑋 , ‖ ⋅ ‖𝐾𝑅)

• 𝜇 ↦ 𝜇 − 𝛿𝑥0 𝒫(𝑋)

𝐾𝑅(𝑋)

•

ℳ 𝑋 = 𝐶 𝑋 ∗

• (𝐾𝑅 𝑋 , ⋅ ‖𝐾𝑅
∗ =

(𝐿𝑖𝑝0 𝑋 , ‖ ⋅ ‖𝐿𝑖𝑝)

• →



•

•

•

•

Ω ⊂ ℝ𝑑 (𝑋, 𝑑)
𝑏 ∈ 𝐿𝑤

∞(Ω, 𝒫 𝑋 ) λ ≥ 0

inf
𝑢
න
Ω

𝑊1 𝑢 𝑥 , 𝑏 𝑥 𝑑𝑥 + 𝜆𝑇𝑉𝑊1
(𝑢)

𝐿𝑤
∞(Ω, 𝒫 𝑋 )





𝒫 𝒮2 𝒫 {0,1,2,3}

𝒫 𝐾

𝒫 0,1 2



𝒫 𝒮2 𝒫 {0,1,2,3}

𝒫 𝐾

𝒫 0,1 2



• 𝑋

inf
u:Ω→𝑋

න
Ω

𝜌 𝑥, 𝑢 𝑥 𝑑𝑥 + 𝜆 𝑇𝑉𝑋(𝑢)

inf
𝐮:Ω→𝒫(𝑋)

න
Ω

න
𝑋

𝜌 𝑥, 𝑡 𝑑𝒖𝑥 𝑡 𝑑𝑡 𝑑𝑥 + 𝜆 𝑇𝑉𝑊1
(𝑢)

𝛿𝑢 𝑥

𝜌(𝑥, 𝑢 𝑥 )

𝑋 ↪ 𝒫 𝑋



→

𝑿 ↪ 𝑽
ℳ(𝑋), ⋅ 𝑉

(𝑋, 𝑑)

(𝑉, ⋅ 𝑉)

𝑢(𝑥)

Ω

min
𝑢:Ω→𝑋

𝑓(𝑢) min
𝑢′:Ω→𝑉=𝒫(𝑋)

𝑓′(𝑢′)

𝐾𝑅, ‖ ⋅ ‖𝐾𝑅



𝒫 𝒮2 𝒫 {0,1,2,3}

𝒫 𝐾

𝒫 0,1 2



• 𝒫(𝑋)

• 𝐿2

•

𝔼𝛾𝑓 𝑟𝑜𝑢𝑛𝑑𝛾 𝑢𝑙𝑖𝑓𝑡𝑒𝑑
∗ ≤ 2𝐶𝑑𝑓(𝑢𝑜𝑟𝑖𝑔

∗ )

𝑢: Ω → 1,2,3,4 , 𝑑𝑋 =: (𝑿, 𝒅𝑿)
𝑢𝑙𝑖𝑓𝑡𝑒𝑑
∗

𝑢𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙
∗



𝒫 𝒮2 𝒫 {0,1,2,3}

𝒫 𝐾

𝒫 0,1 2



•

𝒫(𝑋)

•

‖𝑝 𝑥, 𝑧1 − 𝑝 𝑥, 𝑧2 ‖2 ≤
𝑑ℳ 𝑧1, 𝑧2 ∀𝑧1, 𝑧2 ∈ 𝑀

𝐷𝑧𝑝(𝑥,⋅) 𝜎 ≤ 1 ∀𝑧 ∈ 𝑀න
Ω

𝑑𝑀 𝑢 𝑥 , 𝑏 𝑥
𝑝
𝑑𝑥 + 𝜆𝑇𝑉𝑀(𝑢)

𝒮1



𝒮2



𝒮2



𝒮2



𝒮2 𝒮2



𝒮2 𝒮2



𝑆𝑂(3)

𝒮2 𝒮2



𝑆𝑂(3)

𝒮2 𝒮2 𝐾



𝑆𝑂(3)

𝒮2 𝒮2 𝐾



𝑆𝑂(3)

𝒮2 𝒮2 𝐾



𝒫 𝒮2 𝒫 {0,1,2,3}

𝒫 𝐾

𝒫 0,1 2





𝑢

ℝ2 ↪ 𝒫 ℝ2 ?

min
𝑢:Ω→ℝ2

න
Ω

𝐷 𝐼𝜎
1 𝑥 , 𝐼𝜎

2 𝑥 + 𝑢(𝑥) 𝑑𝑥 + 𝜆 𝑅(𝑢)



inf
𝑢:Ω→ℝ𝑘

න
Ω

𝜌(𝑥, 𝑢 𝑥 ) 𝑑𝑥 +⋯ inf
𝑢:Ω→ℝ𝑘

න
Ω

𝜌 𝑥, 𝑢 𝑥 𝑑𝑥

∗∗

(𝑢)



inf
𝑢:Ω→ℝ𝑘

න
Ω

𝜌(𝑥, 𝑢 𝑥 ) 𝑑𝑥 +⋯ inf
𝑢:Ω→ℝ𝑘

න
Ω

𝜌∗∗(𝑥, 𝑢 𝑥 ) 𝑑𝑥



inf
𝑢:Ω→ℝ𝑘

න
Ω

𝜌(𝑥, 𝑢 𝑥 ) 𝑑𝑥 +⋯ inf
𝒖:Ω→𝒫(ℝ𝑘)

න
Ω

𝝆∗∗(𝑥, 𝒖 𝑥 ) 𝑑𝑥



























න
Ω

𝑓 𝑥, 𝑢 𝑥 , 𝐷2𝑢 𝑥 𝑑𝑥

𝑝 𝑥 𝐿𝑖𝑝 𝑋 𝑑 ≤ 1→ 𝑝 𝑥 𝐿𝑖𝑝 𝑋 𝑑 ≤ 1






